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An analytical solution of the stochastic master equation for reversible
bimolecular reaction kinetics
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The kinetics of the binding reactioh+ B=C are solved exactly via the stochastic master equation,

in which molecular populations are considered as time-dependent, integer-valued random variables.
This transient solution extends previous work on the irreversible bimolecular reaction and the
equilibrium state of the reversible bimolecular reaction. For small ensembles of reactants,
comparisons are made between the results of the deterministic and stochastic approaches to the
problem, and methods are presented to numerically evaluate the solutio@00® American
Institute of Physicg.S0021-960600)51832-7

I. INTRODUCTION The form of P(a,b,c,t) is determined by thetochastic
) master equationwhich describes the means of transition to
In recent years, nanoscopic processes such as receptaliiy from the statéa,b,d during the stochastic process of
mediated cell adhesion, receptor-mediated viral fusion, andpamical reaction. It may be defined via the following axi-
chemistry-mediated nanoassembly have received increas%gins:

attention. In the analyses of these small systems, the funda-

mentally probabilistic nature of chemical reaction cannot bel1) The probability of a forward reaction event in the inter-
neglected, and a deterministic treatment of chemical kinetics val (t,t+At) whereby @,b,c)—(a-1b—-1c+1) is
may not be satisfactory. Thus, one must turn to the stochastic kiabAt+O(At), wherek; is the stochastic rate con-
approach to chemical kinetics, which addresses the dynamics Stant for the forward reaction.

of the probabilities of population states. (2) The probability of a reverse reaction event in the interval

The stochastic approach to chemical kinetics was first ~ (t,t+At) whereby @,b,c)—(a+1b+1c—1) s
employed by Delbrek® to describe the kinetic fluctuations in kocAt+O(At), wherek; is the stochastic rate constant
autocatalytic reaction. Subsequently, Bartholomagnd for the reverse reaction.

McQuarri€ applied the theory to the unimolecular reactions ) ] ) o
A—B and A=B, respectively. The first application to the A rigorous microphysical demonstration of the validity of

bimolecular reactio’A+B—C was carried out by Rei,* the preceding axiqms has been carried out by Gillepie.
and subsequently by McQuartiand Ishidé both of whom  detailed balance yields

additionally addressed the reactio®2C. However, the (a,b.c,t+At) =k, (a+1)(b+1)AtP(a+1p+1c—11)
equations describing the stochastic processes of reversibFe B ! ' ' '
bimolecular reactions such @#s+B=C, A+B=C+D, or +ky(c+1)AtP(a—1b—1c+1t)+(1
2A=C+D have been solved only at their equilibrium
states. This article outlines a method to exactly solve the ~kiabAt—k,cAt)P(a,b,c,t) + O(At).
stochastic master equation describing the reactin (oh)
+B=C to determine the probability of a population state at

any time during the course of the reaction. Rearranging this expression and lettidg— 0 vyields the

master equation as the following differential-difference equa-

tion:
Il. THE REVERSIBLE BIMOLECULAR REACTION dP(a,b,c,t)
A+B2C T=kl(a+l)(b+l)P(a+1,b+1,c—1,t)
Consider a small, well-mixed, and closed voluméni- —k,abP(a,b,c,t)+ky(c+1)P(a—1p
tially containing onlyA andB molecules at populations af
and g, respectively. LeA(t), B(t), andC(t) be the integer- —1c+1t)—kycP(a,b,c,t). 2

valued random variables giving the populationsfpB, and
C molecules withirv at timet. Furthermore, leP(a,b,c,t)
be the probability thaA(t), B(t), andC(t) have values of
a, b, andc, respectively.

While this expression involves three discrete variables,
the problem at hand is actually univariate in nature. Consid-
ering the stoichiometry of the reactioa,b, andc are related
as follows:

¥Electronic mail: laurenzi@seas.upenn.edu a—a=pB—-b=c. (3)
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Hence, the probability density functidd(a,b,c,t) may be these equations are tantamount to transport equations with no
expressed as a function of just one species population. Thiset sources or sinks. Consequently, the sum of all probabili-
article will address the solution of E@2) in terms of the tiesP,(7) is a conserved quantity. That is, given the initial
random variableA(t), such that P4(t)=Prob@A(t)=a) condition,

=P(a,B—a+a,a—a,t). This choice is wholly arbitrary, 1 a=a

and the forthcoming analysis changes only superficially with P,(0)= o (5)
the choice oB(t) or C(t) as the focal random variable. 0 otherwise
By dividing throughout by, and defining a dimension- e lowing constraint ismplied at all times:
less timer=k;t and dimensionless dissociation constint
=k,/ky, Eg. (2) may be simplified to the following equa- :
tions: > Pu(n)=1. (6)
a=0
dPqo(7 i i i i
dO( ) = (B—a+1)Py(1)—KaPy(7), Laplace transfprmatlon of these equations yields a linear
T system of algebraic equations. Let the Laplace transform of
dP,(7) P.(7) be defined as
e =(a+1)(B—at+a+1)P, i(7)—a(B—a+a) w
Va(p):f exp(— p7)P,(7)dt. 0
XPa(7)+K(a—a+1)P, (1) 0
Subsequently, Eq4) may be rewritten as
~K(a—a)Py(7), @ quenty. Eq4) may
dP,(7) pvV=MV+P, )

=T aBP (1) +KP, (7).

Equation(4) implicitly assumes thaf(t) may be equal to

whereV and P are defined as thea(+ 1)-dimensional col-
umn vectors

zero, which is only possible if the speciésis the limiting Vo(p) Po(t=0) 0
reagent. If not, the first of these equations will have a slightly V1(p) P.(t=0) 0
different form. For the purposes of simplifying the analysis, ) . . .
let B=a. V= . , P= ) =1 .| )

In Eq. (4), the equations describing the rates of change . ) )
of the probabilities of the fully occupied(7)= «) and de- V.(p) P (t=0) 1
pleted A(7)=0) states have been explicitly written to em- “« @
phasize thaP,,1(7)=P_1(7)=0. In so closing the system, andM is the (@+1)X(a+1) matrix defined as

B _UO hl 0 0 )
Up —(hy+uy) h, 0 0
0 Uy —(hy+uy) hs 0
0 0 U, —(hz+usg) 0
M= (10
0
0
e
L O 0 0 0 0 0 u,—y —(h,+u,)]
|
Here the following definitions have been invoked: Solving Eq.(8) for V, one obtains the following relation
for the Laplace-transformed probability distribution
ha=a(f—a+a), (11
— _ —-15
u,=K(a—a). (12) V=[pl=M]""P, (14)
Lastly, the implicit normalization condition in Laplace space With the inverse matrix defined in terms of the adjoint and
becomes determinant of pl —M] as
< adj(pl —M)
Va(p)=1. 13 —M] =~
P2, Va(p) (13 [P =M1 = G o (15
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Since the only nonzero element Bfis its last, only the last
column of [pl—M] ! is needed to specify. Therefore,
determination of the cofactors of the last row[@f —M] is
sufficient to solve Eq(14). It can be shown that the cofactor
of the last @+ 1) row andjth column is given by

cm,j=<—1)“*1“'t>,-,1(|o)iljj —h, (16)

where hereD;(p) is the determinant of the submatrix of
[pl—M] composed of its first rows and columns.

Employing the preceding equationg,(p) may be ex-
pressed as a function of determinants of submatricgplof
—M].

~ Cut1a+1(P)
Va(p)= delpl—M) 17
la+a+2Da Hl at hi
(-1 (P 4eq a7

a+1(p)

The numerator of Eq17") may be simplified considerably:

@

(—netar2pp) [T —h

i=a+1

a

=(=Dey(p) 11 ~()B-ati (18
=0a(p) 11 () 11 (B=a+i). (18)

Subsequently, each of the finite product terms in @&')
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Pa(7)= 2 lim ((p—\;) exp(pT)Va(p)),
p*))\
where{\;} are the roots oD, 1(p). As D, 1(p)=det(l
—M), these roots are exactly equal to the eigenvaludd .of
Making use of Eq(21), the exact solution of Eq4) is

21

a! B!
Pa(7)= = ar Daal (B-a)
- Da(\y)
2 30D aOn) ST, (22)
where
&Da+l(p)
P[22
p 1A 0’;p p:}\j

Construction ofD,(\;) and d,D,1(\;) for evaluation is
outlined in Appendix B.

lll. EQUILIBRIUM SOLUTION OF THE REVERSIBLE
BIMOLECULAR REACTION A+B=&C

The equilibrium probabilitied ,(o~) follow analytically
from Eq. (19). These may be determined using the initial-
and final-value theorems for Laplace transforms, thaf is,

lim pVa(p)=P4(0), (23

pﬂsc

lim pVa(p)=Pa(*).
p—0

(29)

For anya<a, the order ofD, ., 1(p) is higher than that of
pD,(p), but whena= «, the orders of both polynomialss
well as the highest order coefficientare equal. Therefore,

may be expressed as ratios of gamma functions, permittinggq. (23) reproduces the original initial conditions denoted by

Eq. (17) to be written as

al B! Da(p)

Va(p)= (B—a+a)la!l D, 1(p) 9
B 1 al[B' Da(p) /
“Batbal (Bl Dy Y

Equation(19) is the exact solution of Ed4) in Laplace
space. Because ,(p) is the characteristic polynomial of an
aXa matrix, it is anath order polynomial op possessing a
highest order coefficient of unity. Moreover, since
e[0,a], the order of the polynomidD,(p) is always less
thanD,,1(p). Hence, Eq(19) is proper for alla. The poly-

P. Furthermore, in order foP,(x) to be nonzero for alb,
D,.1(p) must have a root of zero.

The equilibrium distribution may be computed without
knowledge of the full Taylor series d,(p). Consider the
last terms of the first few polynomial3,(p) generated by
Eqg. 20:

Dy=1,
Di=p+uo,

D,=p?+ (Ug+Uu;+hy)p+uqUg, (25
D3=p3+ (Ug+us+uy+hy+hy)p?+ (Ugus + ugu,

+ UyUg+ Ughy+ushy+hihy)p+usuqug.

nomialsD,(p) may be generated recursively using the for- It may be proven that th@® coefficient of anyD.(p) is

mula
(p+ua l+ha 1)Da 1+ua Zha lDa 2= O (20)

whereDy=1 andD;=p+ug are the initial conditiongAp-
pendix A).

always an incremental product of,
a—1

_H _ra a: _ a
Da(O)_i=0 u=K m—(—K) (—a@)a. (26

Equation(26) demonstrates thdd,(0) is nonzero for alla

Having constructed the polynomials, the probability dis- e[0,«], and confirms thab .., ;(0)=0. Combining this re-

tribution P,(7) may be inverted fronV,(p) using the resi-
due theorer

sult with Egs.(19) and(24) gives the following solution for
the equilibrium probability distribution:
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. a!B!  Da(p)
Pal )‘,','Toipw—wl)aa! Ba)l DM(p)]
(27)
_(—a)a(—K)? a'B'|< 1 )
“(B—at1)al | (B—a)!, 0\ 9D esal(P)
(27)

Then, making use of the normalization condition foy(7)
[Eq. (6)], one may simplify the bracketed term to give
al B!

lim

1
{(ﬁ a)! pﬂ()(f? Da+1(p))] 1Fa(=

a,B—a+1;—K)’
(28)

Thus, the equilibrium probabilitieR () are given by the
following equation:

(—a)a(—K)? 1

(B—a+1l)al Fy(—a;f—a+1,—K)
(29)

Pa(w):

This equation was implicitly discovered by Darveyal.,’
who solved the steady-state version of E4).[that is, when
dP,(7)/dr=0] by the method of generating functions.

IV. THE IRREVERSIBLE BIMOLECULAR REACTION
A+B—-C

The method of solution just discussed also works neatly

for the irreversible bimolecular reaction proce$s<0). In

this case,M is upper-diagonal and its eigenvalues follow

directly as
Nj=—hj==j(B—at]). (30)

SubsequentlyD ,(p) is exactly equal to the product of the

first (a—1) diagonal elements ¢fpl —M], or
a—1
Da(p)=jljo(p+i(ﬁ—a+1)) ae[0a+1]. (3D

Consequently, for irreversible reaction, E@9) becomes

al Bl 1
(B—ata)lal [If_ (p+j(B—at]))

Va(p)= (32

Here, application of Eq(21) gives the probability distribu-
tion as

a! B!
(B—a+a)!al

Pa( )=

exp—j(B—atj)7)
|a|¢](|(:8 ati)—j(B—at]))’
(33

The product in the denominator may be simplifi@ppen-
dix C) to give the following equation foP,(7):

lan J. Laurenzi

a

al B! 2

(B—ata)lal (= -y

Pa(m)=

(B—a+2j)(B—ata+j—1)!
(a=]D(j—a)l(B+))!
xXexp —j(B—a+j)7). (34)

This equation is mathematically identical to those ohfA¢
McQuarrie® and Ishid4 for the reactiorA+B—C, albeit in
a different form.

V. RELATIONSHIP BETWEEN STOCHASTIC AND
DETERMINISTIC MODELS

Theoretically, the expectation value Bf(7) should ap-
proach the deterministic population Afmolecules asx and
B become large. The common deterministic approach models
the reactionA+B=C using the law of mass action, where
the population ofA molecules is defined by the following
nonlinear differential equation:

dA(t)

Tz—klA(t)B(t)'H(zC(t). (35
The solution of thisde factounivariate equation, subject to
the initial conditions and stoichiometric constraints before

discussed, is

exp(— y17) — exp(— y,7)

A(T)=a— 1 1 , (36)
zeXF(_ Y17)— zexﬂ_ Y2T)
where
y1o=3((a+B+K) =\ (a+B+K)*—4ap), (37)

and «, B, K, and r are defined as before.
The expectation value d?,(7) is calculated using the
standard formula

o

MA=_EO aPy(7).

(38

The deterministic and stochastic approaches are compared in
Figs. 1 and 2. In agreement with the results ohiiethe law

of mass action does not hold exactly for small numbers of
reactants, but is remarkably close to the expectation of
P.(7). Even for a very small system witta= 10, the differ-
ence in the means is negligible.

More significant, however, is the potential for deviation
from mass-action kinetics, represented by the standard devia-
tion (o) in Fig. 3. The standard deviation is defined as the
square root of the variance, defined by

a2, (8= 1) ?Pa(7). (39
Figure 3 shows how the transient behaviowgf varies with
K. As K—0, the process becomes irreversible, starting with
only reactant and concluding only with product. Thus, the
variance is exactly zero at both the very beginning and very
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FIG. 1. Conversion of limiting reactant for a system with initial reactant FIG. 3. Time dependence of the standard deviatigrof the limiting reac-
populationsA(0)=a=10, B(0)=8=50. K=k, /k; is the dimensionless tant population for initial reactant populations= 10, 8= 20.
dissociation constant.
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T FIG. 4. Time dependence of the coefficient of variation for initial reactant

populations ofa= 10, 3=50 at various dissociation constattsThe coef-
FIG. 2. Conversion of limiting reactant for initial reactant populations ficient of variation is the ratio of the standard deviation and the average of
A(0)=a=50,B(0)=p8=50. the limiting reactant population distribution.
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end of the reaction process. However, initially the variance 100
becomes very large as the population states become occu-
pied. Likewise, for smalK, a peak is observed, followed by

a monotonic decrease to the equilibrium solution. However,
for large K, the reverse reaction brings the system to equi-
librium fast enough to curtail the peak.

Another statistic of note is the coefficient of variation—
the ratio of the standard deviation and the mean. The coeffi-
cient of variation gives a measure of the relative deviation.
Its dynamics are given as a functionkfand initial limiting
reagent populatiom in Figs. 4 and 5. Because the dynamics
of the mean are embedded in the coefficient of variation, the
coefficient of variation is a monotonically increasing func-
tion of time. Subsequently, its decrease with increasing
andK is more apparent.

The ranges oK used in the figures are not arbitrary.
Because the stochastic rate constadqfs 1] and ky[s 1]
are related to the deterministic rate constakdgnol-L 1
-s 1] andk,[s *] by the relation¥'

10°

K=100

Coefficient of Variation

K
1——NAU and ky=k,, (40 102 L o
102 10°" 100

the nondimension& is given by
T

K=NAKpv, (41)
FIG. 5. Time dependence of the coefficient of variation for initial reactant
whereN, is Avogadro’s numberKp(=k, /k;) is the stan-  populations ofe=50, =50 at various dissociation constamts
dard equilibrium constant for dissociation, ands the sys-
tem volume. Subsequently, owing to the ranges of measur-
ableKp and the immensity oN,, K will typically exceed tracellular trafficking of molecules, where the formation of
unity unless reaction is irreversible. Due to swift reverse-only a few complexes may have significant consequences on
reaction, no reaction takes place for very lakge subsequent events.
Lastly, the methods of solution of the master equation
given here may have application in the analysis of other re-
V1. DISCUSSION action systems. The method of Laplace transforms is well
suited to solving this type of system, sinicis defined orf0,

The value of the stochastic approach is not so much itse). Furthermore, as opposed to the generating-function
capacity to predict the average population or concentratiomethod, which creates intractable partial-differential equa-
of reactive species in small systems, but to explore théions, the matrix method discussed here permits analytical
quantal-dynamics of the reaction process and their ramificasolution in terms of computationally manageable functions
tions. As Figs. 2-5 show, a description of the reaction dy-and recurrences, and may permit solution of master equa-
namics using mass action kinetics may be up to 20% off irtions for other bimolecular reaction systems such As“X,
small systems. These situations arise commonly in biologd+B=C+D, or 2A=C+D.
for signaling in intracellular contact areas or proteolytic di-
gestion in the interiors of liposomes. Thus, the stochastic
approach serves as a means of evaluating the limitations #fCKNOWLEDGMENTS

the deterministic approach as well as placing it on a more The author would like to thank Professor Scott L. Dia-

rigorous mathematical basis. . o mond and Professor Bernard J. Laurenzi for helpful discus-
Another advantage of the stochastic approach is its a0

pacity to give the probabilities of population states in time. '

While highly-efficient stochastic reaction kinetics algorithms

exist for 'Fhellsumulatlon of_coupled reactions of arb'traryAPPENDIX A

molecularity,” only by solution of the master equation can

one exactly obtain the probability distributidp,(t). Such The polynomialsD,(p) represent the determinants of

distributions may have application in intercellular binding, the submatrices dfpl —M] composed of the firsa rows and

for example, permitting one to compute the probability thatcolumns. Their recursion relation follows directly from a

adhesive receptors will bind adjacent cells as a function oftudy of the determinard,, of an mxXm tridiagonal matrix

their contact time. Other possible applications also includeX. Performing row-operations on the determinant to convert

probabilistic analysis of receptor-mediated viral fusion or in-it to upper-triangular form,
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a, by 0 O 0 0
c; a, b, O 0
0 ¢, azg by O 0
D,=dei(X)= 0 0 c 0
0 0 O bm_1
0 0 O O cy1 an
a; b, 0 O 0 0
b,c
0 a,——= b, 0 O 0
a;
=10 Cy az bs O 0
0 0 C3 0
0 0 0 bm-1
0 0 0 0 cpo1 am
a; b, 0 0 0 0
0 a,a;—bscy bya; O 0 0
110 C, az; bs 0
“a |0 0 Cs 0
0 0 0 b1
0 0 0 0 Ccpno1 am
(A1)
a; b, 0 0 0 0
0 aja;—bicy b,a, 0 0 0
cobhra
0 0 a— —2%1  p, 0 0
— a,a;—bcqy
a;
0 0 C3 0
0 0 0 . . bn_1
0 0 0 0 Cpno1  anm
a; by 0 0 0 0
0 aya;—bycy b,a; 0 0 0
1 1 0 0 ag(aza;—bjcy)—coba;  bz(aza;—bscy) 0 0
“a; aa;—bicy | 0 0 Cs 0
0 0 0 bm_1
0 0 0 0 Cm—1 @m
|
a trend yields the following recursion relation: a,=p+u,_;+h,_1, (A3)
Dn:anDn—l_Cn—lbn—an—Z- (AZ)
Here,D,(ne[0,m]) is the determinant of anXxn tridiago- b,=—h,, (A4)
nal matrix with elements$a;}, {b;}, and{c;}, andD,_; are
the determinants of its submatrices resulting from the re-
moval of the lasf columns and rows. To define the differ- Ch=—Up_1. (A5)
ence equation, the initial conditiol3,=1, andD,=a, are
required.

The coefficients of the tridiagonal matrppl —M] may  Making these substitutions rendds, a function ofp and

be related to those of by the following equations: yields Eq.(20).
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APPENDIX B first note that the argument of the product may be factored as
As the recursion relation foD,(p) [Eq. (20)] is a follows:
second-order difference equation with nonconstant coeffi- 1
cients, obtaining its analytical solution is exceedingly diffi- x= — (C2
cult. Consequently, when evaluating Eg2) for P,(7), one Miajz(i=D+j+B-a)
must construct the polynomiald,(p) using the recursion 1
relation, and find the roots d ., 1(p) numerically. . _ _
Let us define the polynomial®,(p) and d,D4(p) as Za(i=D(i+j+B=a)IL 1 (i—))(i+]+B—a)
follows: (C2)
a , Subsequently, the two product terms may be evaluated, giv-
Da(p)=2, Oa,p' (BD ing
a _ M-Xi-H=(-1%j-a), (C3)
pDa(p) =2, 104;p' ", (B2)
=0 I _ (2j+p-a-1)! .
The coefficients®, ; may be constructed using the re- i—a(it+p-a)= (jra+B—a—1)V’ (€4
cursion relation for the polynomials. By taking thei)th
derivative of Eq.(20) and settingp to zero, the following Hi“:jﬂ(i—j):(a—j)!, (CH
equation results, relating tHe, ,_; coefficient to higher or-
der coefficients of other polynomials: o (B+j)!
H?:j+1('+l+ﬂ—a)=m- (Co)
®a,afi_®afl,aflfi_(uafl"'hafl)@afl,afi ’
+Ug_ 5N, 10,4 5, i=0. (B3) Combining the preceding results yields the surprisingly
: ol .
Noting the initial conditions of Eq.20), the initial conditions simple equation
for this bivariate recurrence ar®,,=0,,=1 and 0, _ (j+a+pB—a—1)!
=u,. Subsequently, EqB3) may be used to compute the x=(—1))"4B—a+2j) (C7)

T -
coefficients of the polynomial® ,(p) and 9,D,(p) in Eq. (=ajt(a=pHp+

(22).
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